We derive the second order correction to the scalar and tensor spectral tilts for the inflationary models with non-minimally derivative coupling. The non-minimally kinetic coupling to Einstein tensor brings the energy scale in the inflationary models down to be sub-Planckian. In the high friction limit, the Lyth bound is modified with an extra suppression factor, so that the field excursion of the inflaton is sub-Planckian. The inflationary models with non-minimally derivative coupling are more consistent with observations.
I. INTRODUCTION
independent. If we choose the non-minimally derivative coupling as G µν φ ,µ φ ,ν , then the field equations contain no more than second derivatives [14] . For a massless scalar field without the canonical kinetic term g µν φ ,µ φ ,ν , the non-minimally derivative coupled scalar field behaves as a dark matter [15, 16] . The density perturbation of inflationary models with this non-minimally derivative coupling was discussed in [17] [18] [19] . The cosmological consequences of the theory were discussed extensively .
In this paper, we discuss the inflationary models with the non-minimally derivative coupling G µν φ ,µ φ ,ν . The paper is organized as follows. In section II, we review the cosmological equations for this theory, the second order correction to the scalar and tensor spectral tilts are obtained in section III. In section IV, we consider the power law potential, the hilltop potential, a simple symmetry breaking potential and the natural inflation, and conclusions are drawn in section V.
II. THE BACKGROUND EVOLUTION
The action for the scalar field whose kinetic term is coupled to Einstein tensor is
where M 2 pl = (8πG) −1 and M is the coupling constant with the dimension of mass. For convenience, we use the Arnowitt-Deser-Misner (ADM) formalism [43] , and the metric is expressed as
where N, N i , h ij are the laps function, the shift function and the metric for three dimensional space, respectively. By using the ADM splitting of space-time, the action (1) becomes
In terms of the potential, the slow roll parameters are
The different slow roll parameters satisfy the following relation,
Comparing with the slow roll parameters in Einstein's general relativity (GR), the slow roll parameters defined in the non-minimally derivative coupling case have an extra factor
which is small in the high friction limit, so inflation can happen more easily is this model. The number of e-folds before the end of inflation is
So we get an upper bound for the field excursion. In the high friction limit, M ≪ H, the field excursion can be sub-Planckian. With the same reasoning, we can also have a lower bound if ǫ is a monotonic function, so the Lyth bound becomes
If ǫ is not a monotonic function, then the Lyth bound in GR can be modified to be smaller [44] .
III. COSMOLOGICAL PERTURBATIONS
In this section, we review the linear perturbation around the flat FRW background. For convenience, we choose the uniform field gauge,
where ζ and γ ij denote the scalar and tensor fluctuations respectively, the tensor perturbation satisfies D i γ ij = 0 and h ij γ ij = 0. Both ζ and γ ij are first order quantities and we have expanded h ij to the second order. Since scalar and tensor modes are decoupled, so we consider the scalar perturbation first.
A. Scalar perturbations
For the scalar perturbations, we expand the laps and shift functions to the first order as
Substituting the expansion for N and N i into Eqs. (5) and (6), we get the solution [17, 18] 
In terms of the slow roll parameters, we find
and
in the high friction limit. By using the solution (20) and the background Eqs. (7)-(9), we expand the action (3) to the second order of ζ and get [18] 
where
and it can be approximated as
By using the canonically normalized field v = zζ, where
the action (23) becomes
where the conformal time τ is related to the coordinate time by dt = adτ , the prime denotes the derivative with respect to τ , and the effective sound speed is
Note that this result is different from that in [18] because they missed the second order corrections due to θ s in Eq. (25) and Υ in (21) . Following the standard canonical quantization procedure, we define the operator
where the operators satisfy the standard commutation relations
and the mode functions obey the normalization condition
The Bunch-Davis vacuum is defined byâ k |0 = 0. Varying the action (27) , we obtain the Mukhanov-Sasaki equation for the mode function v k (τ ),
Inside the horizon in the past, as aH/k → 0, the asymptotic solution that satisfies the normalization condition (31) is
In order to solve the Mukhanov-Sasaki equation, we need to find the time derivative z ′′ /z.
From the definition (26), we find
Since d dτ
and H and ǫ H change very slowly during inflation, so we obtain
Substituting this result into Eq. (34), we get
Combining Eqs. (37) and (32), finally we obtain the equation,
The solution is
ν (x) are the first and second Hankel function, respectively. From the asymptotic condition (33), we obtain c 2 = 0. Outside the horizon, the Hankel function has the asymptotic form,
and the mode function
Thus the scalar perturbation outside the horizon is almost a constant,
The power spectrum of ζ is defined by the two-point correlation function
so we get the power spectrum
where the constant C = −2 + γ + ln 2 ≈ −0.73. Therefore, the scalar spectral tilt is
In the derivation of the above results, we used the following relations
Furthermore, we get the running of the scalar spectral index,
B. Gravitational wave
Now we consider the tensor perturbation. Expanding the action to the second order of the tensor perturbation γ ij , we obtain the quadratic action [18] 
With the symmetric traceless tensor e 
the tensor perturbation can be written as
By using the canonical variable u s = z t γ s , where
the quadratic action (52) becomes
Using the canonical quantization,
we obtain the equation for the mode function u
The power spectrum of gravitational wave is
The tensor spectral tilt is
The running of the tensor spectral index is
The tensor to scalar ratio is
Note that there is an ambiguity in the above definition due to the difference of the horizon exit for the tensor and scalar modes.
IV. INFLATIONARY MODELS
Now let us apply the general results obtained in the previous section to the power law potential, the double well potential, the hilltop inflation and the natural inflation.
A. Power Law Potential
For the power-law potential
the slow roll parameters are
These formulae are also valid for the inverse power law potential. For the inverse power law case with n = −2, all the above slow roll parameters are constants. However, inflation does not end for the intermediate inflation with inverse power law potential [45, 46] . For the power law potential with positive n, inflation ends when ǫ(φ e ) ∼ 1, so we get
The number of e-folds before the end of inflation is
So the value of scalar field at the horizon exit is
whereÑ = N * + n/2(n + 2). In order to avoid quantum gravity, we require that
, and the high friction limit is satisfied if φ e ≪ M pl . For the Higgs inflation with n = 4, the coupling constant λ ≈ 0.13 [47] , if we take N * = 60 and M = 1.27 × 10 −7 M pl , then we find that φ e = 0.01M pl , H(φ e ) = 5.1 × 10 −5 M pl , φ * = 0.024M pl and the field excursion ∆φ = 0.014M pl which is sub-Planckian.
In terms of N * , we get the value of the slow roll parameters at the horizon exit φ * ,
The values of the slow roll parameters at the horizon exit do not depend on the model parameters λ and M explicitly, and the results are a factor of (n + 2)/2 smaller than the standard results in GR. Because the second order slow roll parameter ξ 2 is much smaller than the first order parameters, we consider the first order correction only. The scalar spectral tilt is [19] 
The running of the scalar spectral index is
The tensor spectral tilt is n T = −2ǫ = −n/(n + 2)Ñ. The running of the tensor spectral index is
The n s −r and n s −n ′ s results for n = 2 and n = 4, along with the Planck 2015 constraints [6] are shown in Figs. 1 and 2 . For comparison, we also plot the GR results [48] .
B. Hilltop models
For the hilltop models with the potential [49] the slow roll parameters are Because of the high friction condition, the second order slow roll parameter ξ 2 is smaller than the first order parameters ǫ and η by a small factor M 2 M Therefore, the scalar spectral index can be written as
and the scalar to tensor ratio is
If we take p = 4, Λ = µ = 0.01M pl and M = 0.001µ, then we get φ e = 0.029µ, φ * = 0.0045µ, n s = 0.9512, n ′ s = −0.0008 and r = 1.07 × 10 −10 for N * = 60.
For p = 2, the function f (x) is
and φ * can be obtained from N * and φ e by using the above function (89). For example, if we take Λ = 10 −2 M pl , µ = 0.1M pl and M = 10 −6 M pl , we get φ e = 0.868µ by setting ǫ(φ e ) = 1. For N * = 60, we find that φ * = 0.145µ by using the function (89), so ∆φ = 0.723µ = 0.0723M pl , n s = 0.955, n ′ s = −0.0002 and r = 0.007. The n s − r results for p = 2 and p = 4 are shown in Fig. 1 . In plotting the results for p = 4, we don't use the approximate relation (87) and (88), φ e and φ * are solved numerically instead.
C. A simple symmetry breaking potential
For the symmetry breaking potential [50] 
The potential is also called the double well potential. In the region φ ≫ µ, the above double well potential becomes the power law potential with n = 4. In the region φ ≪ µ, the above
V. CONCLUSION
Under the high friction assumption H 2 ≫ M 2 , we derived the scalar and tensor spectral tilts up to the second order in slow roll parameters for the inflationary models with nonminimally derivative coupling. The non-minimal coupling of the kinetic term to Einstein tensor leads to enhanced friction for the scalar field so that inflation happens more easily.
The Lyth bound is modified with an extra suppression factor M/H so that the field excursion of the inflaton is sub-Planckian.
For the power law potential V (φ) ∼ φ n , due to the non-minimally derivative coupling, the field excursion of the inflaton is sub-Planckian. The tensor to scalar ratio r is a factor of (n + 2)/2 smaller than the result in GR which brings the quartic and quadratic potentials to be consistent with the observation at the 95% CL.
For the hilltop potential, the scale µ can be smaller than the Planck energy. For the case p = 2, inflation ends when φ ∼ µ. For p > 2, small field inflation is realized, the tensor to scalar ratio r is negligibly small, and an approximate relation between n s and N * is derived in Eq. (87).
For the double well potential, the potential behaves like power law potential with n = 4 in the regime φ ≫ µ and the hilltop potential with p = 2 in the regime φ ≪ µ. In the intermediate regime φ ∼ µ, we obtain ∆φ = 0.186M pl , n s = 0.975 and r = 0.046.
For natural inflation, inflation happens around the potential minimum φ/f ∼ π, and the behaviour is similar to the quadratic potential V (φ) ∼ φ 2 . Due to the suppression of the non-minimally kinetic coupling, the symmetry breaking scale f can be smaller than the Planck energy.
In conclusion, the non-minimally kinetic coupling to Einstein tensor brings the energy scale appeared in the hilltop inflation, double well potential and natural inflation down to sub-Planckian scale, and the field excursion of the inflaton becomes sub-Planckian. The model is more consistent with the observations.
